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Abstract 


Decoding  procedures  are  formulated,  and  their  performance 
established,  for  products  of  binary  group  codes  of  even 
minimal  weight  and  for  Hobbs’  codes  of  any  dimension. 
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Introduction 

In  our  effort  to  discover  decoding  procedures  for  Kautz  codes  Kj,  ^ 
we  have  found  one  for  the  particular  class  of  Hobbs'  codes  K*  ,  based  on 
the  product  structure  of  these  codes.  Our  procedure  cannot^  then,,  be 
immediately  extended  to  codes  ^  since  these  are  not  necessarily 

products^  if  )  ;  but  it  was  easy  to  deduce  decoding  rules  for  arbitrary 

products  AB  (somehow  related  to  considerations  of  [1]).  These  are  set 
forth  and  studied  in  Chapter  I  below,  where  we  have  restricted  ourselves 
to  consider  factor  codes  A,  B  for  which  our  decoding  procedure  has 
substantial  performance.  More  specifically  we  consider  only  binary  group 
codes  for  which  the  minimal  weight  is  even. 

In  Chapter  II  we  formulate  and  study  the  decoding  rules  for  Hobbs' 
codes.  Although  the  results  of  this  chapter  are  related  to  those  of 
Chapter  I,  we  have  preferred  to  give  many  independent  proofs. 

For  any  code  A  we  shall  denote  by  urCfO  the  minimal  weight'  of  its 
elements,  by  e(A)  its  packing  integer  (in  our  case  e?  eCA) -F  .2.  =■  xa-fAj 
and  fay  Y\  (A)  the  length  of  its  sequences.  Further,  fc>(A)  will  denote  the 
maximal  length  of  correctable  bursts:  a  burst  is  correctable  if  it  is 
the  only  coset  leader  or  if  it  is  the  shortest  burst  among  the  possible 
coset  leaders.  Similarly  t),CA)  will  denote  the  maximal  length  of 
correctable  cyclic  bursts;  the  length  of  a  sequence  j 

considered  as  a  cyclic  burst  being  defined  as  follows:  iTiin  j  i-i, )  for 
all  integers  ci  j  such  that  Xi  =  -/  but  -  O  if  t  —  j  ■ 
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Chapter  I  The  Product  of  Two  Codes 

1.  Notations  and  Assumptions 

If  A  and  B  are  two  codes_,  we  denote  by  AB  their  product ,  that  is 
the  code  whose  elements  are  sequences  CX,,,  ^iz,  ^  ^ 

of  n  (a  (A )  M  (B>)  terms  X-j  such  that^  for  any  fixed  l  ^ 

■  ■  j  ^  element  of  B  and^  for  any  fixed  j  ^ 

^n(A)j  ^  element  of  A  (see  [2]^  l3]\,  [4]^  [5]).  We 

can  clearly  represent  the  elements  of  AB  as  matrices  with  ViCA)  rows 
■■■,  Xiy,^e,))  and  >,Cb)  columns  •  For 

fixed  i  ,  the  collection  of  the  C  rows  of  all  the  elements  of  AB 

form  a  group^  hence  a  code^  denoted  :  it  is  obviously  isomorphic 

•  -iU 

to  B.  Similarly  Aj  will  denote  the  code  of  all  the  j  possible  columns. 

We  assume  to  have  decoding  rules  for  A  [and  for  B]  to  correct  all 
configurations  with  not  more  than  e(A)  [and  eCB)  ]  errors,  all  bursts  of 
length  not  more  than  bCA)  [and  b(E>)  ]  and  all  cyclic  bursts  of  length 
not  more  than  k^CA)  [and  ].  Notice  that,  even  if  cCA)  =  bCA)  =  [A)  = 

we  will  always  be  able  to  detect  the  presence  of  one  error,  since  ^(A) 
is  assumed  even.  Similarly  for  B.  Also,  since  the  Aj  are  isomorphic 
to  A,  all  our  assumptions  apply  as  well  to  each  one  of  them.  Similarly 
for  the  codes  ^  isomorphic  to  B. 

In  the  following  we  shall  say  that  an  error  configuration  in  Aj 
is  correctable  if  and  only  if  the  number  of  errors  is  e  (A)  ,  or  the 
configuration  is  a  burst  of  length  b(A)  ,  or  a  cyclic  burst  of  length 
£.  b^CA)  .  Similarly  for  , 

2.  The  Decoding  Rules  for  AB 

The  decoding  proceeds  in  two  major  steps.  The  first  consists 
in  applying,  when  appropriate,  the  decoding  rules  for  A  to  the  vifs) 
’'columns"  Aj  and  in  keeping  track  of  the  work  performed  using  a  numerical 
function  denoted  Aj.  .  The  second  step  applies  the  decoding  rules  for 
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B  to  the  VI  (a)  "rows'*  obtained  after  the  corrections  required  by 
Step  I. 

In  precise  details: 


Step  I 


For  j  =  ^  hCB)  : 

no  errors  are  detected  in  ;  set  ~ 

ft)  ■^>  a  errors  are  detected  in  Aj  and  they  form  a 
correctable  configuration:  correct  them  and  set 
Xj)  errors  are  detected  in  Aj  and  they  form  a  configuration 
which  is  not  correctable:  set  -  ''A 


Step  II  In  the  matrix  obtained  after  application  of  Step  I: 

ai)  no  errors  are  detected  in  any  Ij  ^  fAj; accept . 

(i)  £^'>c,  errors  are  detected  in  ,  X-  _p  and  they 

form  a  correctable  configuration  for  V  -=.1^  2^ .  oL  with  ct.  — f 

1)  if  ,  correct  in  each  5^^  and  accept; 

2)  if  ,  let  j|r  Be  all  the  integers  j 

such  that  ~  ~l  and;  if  'tr  -  (T  '>  O  ^ 

be  such  that  for  all 

j  51S  -j  then  if  /f  =  c-Cs) -A-  I  Toy  r-h-r:  -  eCs)/-/ 
correct  the  errors  in  S/  . 3/  ,  and  change 

;  ^  i.  >  •'  ©s 

all  the  terms  X/  ;  ,  Y:  :  .....  .V/  ;  and  [x-  »  x-  j>  ...  X/  « 
for  V-  j=>  and  accept, 

in  all  other  caseS;  reject. 

To  "change"  X;j  means  to  substitute  it  with  X^j  +/  ,  the  sum  being 

modulo  2.  It  is  important  to  emphasize  that  the  checking  equations  for 
the  rows  of  the  received  matrix  need  be  computed  only  after  having 
performed  Step  I.  The  function  plays  an  important  role  in  Step  II 
2);  whose  formal  statement  is  somewhat  complicated.  Notice  that  if 
(T^-  e(B)-y/  ;  there  is  no  need  to  search  for  the  integers  . 

at  which  assumes  its  larger  values;  and  if  <r/  eCS)  4- 1  but  no 
integers  found,  then  we  are  in  case  /O  .  The 

examples  discussed  in  the  next  section  will  illuminate  the  situation. 
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We  thus  have  to  apply  Step  II  to 


0  0  1  0  0  0  0 
0  0  0  0  0  0  0 


0  0  0  0  0  0  0 
1  0  1  0  0  0  0 


0  0  1  0  0  0  0 
1  0  1  0  0  0  0 
0  0  0  0  0  0  0 


«6 


Notice  that  Step  I  has  increased  the  number  of  errors!  We  are  in  case 
of  Step  II:  B^  and  Bg  have  errors,  which  form  correctable 

configurations  only  in  Bj^  and  B^.  Thus  subcase  2).  But  d's'Z:  =■  / 
that  is  if  +■  'T  =  =  c(b)  +■/  .  Accordingly  we  correct  errors  in  Bj^ 

and  B^  and  change 

V  ,  since  ^(/)^-/ 

,  \3  since  =  f  or  j  3 . 

This  yields  obviously  the  zero  matrix.  Why  do  we  change  the  elements 
of  B|^  and  Bg  in  the  first  and  third  columns?  We  know,  since  .^0)  =  -/, 
that  after  Step  I  there  are  still  errors  present  in  ;  and  we  know  now 
that  there  are  errors  in  B|^  and  Bg.  Thus  the  intersections  and 

are  singled  out  as  probably  in  error.  But  if  only  these  two  terms 
would  be  erroneous,  we  could  have  corrected  them  in  B|^  and  Bg:  hence 
these  two  rows  contain  further  errors.  In  all  other  columns  we  have 
(after  Step  l)  an  element  of  the  code  A:  which  to  choose?  By  the 
maximum  likelihood  principle,  the  one  (or  those)  in  which  we  have  made 
the  greatest  number  of  corrections  (in  this  case,  one  correction). 

Hence  we  change  and  X43  . 

The  next  example  will  illustrate  this  idea  again. 
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B)  Using  for  A  and  B  the  same  codes ^  assume  we  receive 


E  = 


0000 


1  0 
0  0 


0 

0 


0  0 


000000 


0010000 

0000000 

0101001 


step  I  yields 


.1 


0  0 


E  =  I  0 
1  0 


1 

0 

0 

0 


0 

0 

0 

0 


0 

1 

1 

0 


0  0 


0  0  0  0 
0  10  1 


0 

0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 

0 


Notice  that  the  errors  of  E  in  and  A_  can  be  corrected 

6  T 


(r)  =  6  ,  ^(l)  =r^  , 

i  c 

We  find  now  that  B, 


with  ,  ^(3)=!  , 

and  7)=^ 

since  they  are  cyclic  bursts  of  length  ± 
has  correctable  errors^  but  and  B,^  have  errors  we  cannot  correct. 
Hence  again  we  check  <r  and  -V  :  ,  that  is  S' ■=  . 

Since  CT  =  ei-S/J  ,  we  correct  the  error  of  B^  and  change  ^  Y, 

}  '^7/  obtaining  the  zero  matrix.  Here  we  disregard  Ag  and 
because  (S'  is  "large  enough":  we  do  not  need  to  assume  that  we  have 
made  erroneous  changes  in  Step  I. 

C)  A  third  example  with  the  same  codes  will  illustrate  the 
correction  of  cyclic  bursts.  Suppose  we  receive 
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110  1111 
1  0  0  0  0  0  0 

0  0  0  0  0  0  0 

0  0  0  0  0  0  0 

0  0  0  0  0  0  0 

0  0  0  0  0  0  1 

10  0  110  1 

After  Step  I  we  obtain 

1  0  0  0  0  0  1 

1  0  0  0  0  0  0 

0  0  0  0  0  0  1 

E'=  1  0  0  0  0  0  0 

0  0  0  0  0  0  0 

0  0  0  0  0  0  1 

1  0  0  0  0  0  1 

The  are  easily  written  down^  but  are  not  important  since  now 

Step  II  fi)  1)  applies  to  give  at  once  the  zero  matrix. 

D)  Assume  now  that  A  is  the  (4^3)  code  of  all  the  sequences  with 

even  weighty  and  similarly  B  is  the  (5^4)  code  with  x/>r(5)  =  J2.  . 

Then  AB  is  the  (20^12)  2-dimensional  Hobbs'  code.  We  have 

e(A)'=eCB)=b(A)  =  i>(B)  =  (a)  •  ■=  O. 

Suppose  we  receive 

0  0  0  0  0 

1110  0. 

) 

0  0  0  0  0 

[0  0  0  0  0 

we  obtain  =  ^(z)  -  ,  the  others  being  ■=  o  . 

And  we  detect  errors  in  Bg.  We  cannot  apply  Step  II  0)  2), 
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because  now  CT  =  3  >  = /.  .■  ThuSj  we  reject.  And 

this  is  in  proper  order^  since  we  would  have  had  the  same 
/^'■5  and  same  detection  of  errors  in  the  S  if  we  had 
received^  say 

0  110  0 
1  0  0  0  0 

jo  0  0  0  0  ’ 

10  0  0  0  0 


Finally  note  that  by  our  rules  we  would  accept  the  matrix 

01100’ 

0  0  0  0  0 

,0  0  0  0  oj 

[0  0  0  0  oj 


because  of  Step  II 
and  3  below. 


But  in  this  connection  see  Theorem  2 


4.  The  Main  Theorem 

In  order  to  simplify  the  formulation  of  our  results  it  will  be 
convenient  to  adopt  the  following  notation  and  terminology.  If  E  is  an 
error  configuration  (that  is^  a  matrix  giving  the  difference  between 
what  was  sent  and  what  has  been  received)^  denote  by  Ej  ^  ■-o 

its  columns:  Ej  is  then  the  configuration  of  the  errors  belonging  to 
Aj  .  We  shall  say  that  Ej  is  A-correctable  if  it  is  correctable  as 
error  configuration  in  =  A  (see  end  of  section  1).  Finally^  we 

will  call  a  set  E-,  ,  E;  ....  E\  B-correc table  if  the  sequence 

Jj  7  I  7 

(b,  ,  t^(,_))with  =  ...  -  ^  and  b’=o  if  Jr 

is  correctable  as  error  configuration  in  B.  This  terminology  can  be 
illustrated  using  the  examples  above.  Thus^  in  example  A)^  and  E^ 
are  not  A-correctable^  although  the  decoding  rules  for  A  will  operate 
on  E^  as  Indicated:  but  E^  is  not  correctable  since  it  has  more  than 

e(A)  errors  and  is  a  burst  longer  than  bCA)  or  b^(A)  .  In  this 
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same  example,  the  set  E^  is  not  B-cOrrectable,  for  the  same 
reasons.  In  example  C),  Ej^  and  E.^  are  not  A-correc table,  but  their 
set  is  B-correctable,  since  (1,0, 0,0, 0,0,1)  is  a  cyclic  burst  of 
length 

Theorem  1 

The  decoding  rules  given  for  AB  correct  every  error  configuration  E 
satisfying  any  one  of  the  following  conditions : 

1)  The  set  of  Ej  which  are  not  A-correctable  is  B-correctable; 

2)  The  number  of  errors  does  not  exceed 

Le(A)  /IL&Ca) -I- cCA) j 

3)  E  is  a  burst  of  length  not  exceeding 

cCA)  k)(8.)v- eC*)v-/ ); 

4)  E  is  a  cyclic  burst  of  length  not  exceeding 

^  -  Yr\ax{\>^(A)  h(b)+  I*.  e  (A)  yiCB.)  +  . 

Even  before  proving  this  theorem,  let  us  remark  that  AA/'(A^)~^(A)AJr{B) 
and  thus,  under  our  assumption,  cCAb)  =  Cc(ft)-A/X  AgCb)  )  -  /  ; 

if  eU^=:o  we  have  then  £  =  c  CA  B )  • 

Corollary  1.1  If  e(B)  =  o  ,  or  equivalently  if  x*rCs3  =  A,  the 
decoding  rules  given  above  for  AB  correct  all  configurations  with  at 
most  eCAB^  errors. 

The  proof  of  the  Theorem  if  E  satisfies  1)  is  straight  forward. 

After  application  of  Step  I  we  will  be  left  with  errors  (original  or 
newly  made)  only  in  the  non-A-correctables  columns,  say,  E^^,  £j^  : 

but  by  assumption  these  form  a  B-correctable  set.  Hence  Step  II  oL) 
or  Step  II  /3)  1)  will  apply.  Thus  all  errors  will  be  corrected. 

Notice  in  particular  that  if  all  Ej  are  A-correctable,  then  the- correction 
of  E  is  already  performed  after  Step  I. 

Consider  now  case  2).  If  at  most  cCb)  of  the  Ej  are  not 
A-correctable,  we  are  back  in  case  l).  Thus  we  can  assume  at  least 
CCb)-M  non-A-correc table  Ej  i  .  In  each  of  these,  then^there  is  at  least 
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errors :  because  of  the  value  of  £  ,  this  implies  also  that 
there  are  at  most^  and  thus  exactly,  eC8)y-/  S  which  are  not 
A-correctable.  Let  these  be  E;  E'  ,  .  ,  E\  E p  E p  Ed 

J|  >  ■>2.)  •  J  J(r  J  »,  >  J  -<2- 

with  )=  •..  -/  and  .  If  cr'= 

and  thus  'V  =  o  ,  Step  I  followed  by  Step  II  /g)  will  correct  all 
errors.  In  fact,  after  Step  I  we  will  obtain  a  matrix  E  with  ones 
only  in  the  columns  "jj,  . . . ,  •  Since  S' ■=  e(B)-f-/  ,  each  row  will 

contain  at  most  errors;  we  will  thus  detect  them  all  and  be 

in  Step  /S')  l)  or  s)  2).  This  reasoning  can  be  applied  also  if  't  fl:  o  ^ 
provided  we  show  for  all  ^-r  •  will  even 

show  where  >M  denotes  the  number  of  all  the  errors  of  E  not 

contained  in  ^ iz  >  ■  ■ '  ‘  total 

number  of  errors  in  E,  ^  the  number  of  errors  in  £;  £: . £; 

and  E,  the  number  of  errors  in  Ep  .  Then  >y>  /-EJ  ±  S  and 
^  i  e(/l)  .  Thus,  for  a  fixed  ,  we  have 

4,  Z.  E  ^  cCejircr/?;^  /  J  =  e  -  La  e.(A)  +  ij 

or 

ea;  -f-  J2.  -  €  ^  ^  -h  Z  j  ±  /. 

On  the  other  hand,  4  + ^(.4)>  ^Ca)  (for  any  code  A,  the  number 
of  errors  present  plus  the  number  of  changes  made  is  at  least 

x^(A)  ,  if  the  changes  do  not  reproduce  the  sequence  originally  sent); 
thus 

ur(A)-J^  =  ^e(A)  ^  2,-ll-hi-Z,  -  A  1~ 

2:  .S  e(A)  ^  yn  ^.jl  -t-  Z  >  hn -/- /  >>v^ 

°  ±  -t^  * 

This  terminates  the  proof  of  case  2). 

For  case  3)^  remember  first  of  all  that  by  definition  of  product 
code,  the  order  of  transmission  is  "row-wise",  as  indicated  in  section 
1  above.  This  implies  that  will  be  the  c-/ )  h  (&)■/■  term 

sent.  Let  E  then  be  a  burst  of  length  at  most  ,  starting  at 
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and  ending  at  X^ytr: 

C  (  u-/  -  [  (C~i)  h  (fi)  ( u.-i]h{f'i')  +  V-  j-t  l.± 

Thus^  if  /3  =  k>C a)  o  Cb)+' Cb3  ^  there  are  at  most  Is^CB)  non-A- 
correctable  Ej  s  which  can  be  easily  seen  to  form  a  B-correctable  set 

(cyclic  burst).  We  can  thus  apply  case  1).  If  now  /S=  e  iA)  e  IaJ 

there  are  at  most  cC^)-h!  non-A-correctable  E- s  ;  if  less  than 

tf 

eCbj -/■/  ;  then  wa  are  again  in  case  1).  If  exactly  e.ih)  ■/■  /  ,  they 

will  yield  either  ^  (;j  =-/  or  j}  Z:  e.iA) -h  i  ,  since  each  such  fj 
has  weight  at  most  €:(A)-hl=.  .  But  each  of  the  A-correctable  Ej 

has  weight  at  most  c(A)  ,  and  thus  Step  II  2)  applies. 

The  proof  of  case  i|-)  is  similar. 

Further  Results 

A  deeper  analysis  of  our  decoding  rules  gives  the  following  theorems. 

Theorem  2  In  the  presence  of  cf-A/  errors^  it  is  possible  to  obtain 
and  accept^  after  application  of  the  decoding  rules  given  above^  a 
matrix  which  is  not  an  element  of  AB. 

In  other  words,  the  checking  equations  may  fail  to  be  satisfied  after 
decoding,  even  if  the  rules  specify  to  "accept",  provided  there  are  more 
than  errors.  The  proof  consists  in  giving  an  example  of  this  situation, 
for  arbitrary  codes  A  and  B. 

Let  ,..>^^g^lbe  an  element  of  B  with  in 

which  ^  terms  equal  to  one.  Consider  then  an 

error  configuration  E  such  that  E;  is  a  column  of  zeros  if  0 ^  J, ,  j  ,  ,,,,  j 

j  2.1  j 

and  E\  =  E-  ■=■>>-  E;  ...  is  a  non-A-correctable  configuration 

of  exactly  cCAji-i  errors  (such  a  configuration  exists  because  of  the 
definition  of  cCA)  )•  E  has  then  I  e  =  <?y-/ 

errors.  Step  I  will  require  no  changes  and  give  ^(j)  =  o  or  ^CJ}  = -/  • 
Step  II  ^3)  1)  will  apply  since  in  each  of  the  C.(A]-hl  rows  with  errors 
we  can  obtain  the  sequence  jj  hy  changing  eCs)  terms.  The  matrix  so 
obtained,  however,  does  not  belong  to  AB  since  the  columns  are  not 
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elements  of  A, 

This  situation  can  be  easily  corrected: 

Theorem  3  Suppose  the  rules  for  Step  II  are  modified  to  require 
acceptance  of  the  decoded  matrix  only  if 

1)  for  all  j  ,  in  Step  II  ot) 

2)  newly  computed  checking  equations  for  each  Aj  are 

satisfied,  in  Step  II  1)  and  2) 

3)  newly  computed  checking  equations  for  each  are 
satisfied,  in  Step  II  2). 

Then  no  matrix  will  be  accepted  if  it  is  not  an  element  of  AB . 

The  proof  is  obvious  and  will  be  omitted. 

We  can  improve  the  correction  of  bursts,  without  modifying  the 
decoding  rules,  provided  in  A.  no  burst  of  length  blA,)  [or  ] 

is  "wrongly  corrected": 

Theorem  4  Assume  that  in  A  each  [cyclic]  burst  of  length  ^\A, -f-/ 
is  A-correctable  or  belongs  to  a  coset  containing  no  A-correctabl'e 
configurations.  Then  the  decoding  rules  for  AB  correct  any  error 
configuration  E  which  is  a  [cyclic]  burst  of  length  not  exceeding 
/3  =  yCA)  y\(B)  -h  ^  (  B)^  e  C  b;  I- '  ^  =  1?^(a)  hCs) ^  c  +  ■ 

If  -  t>  (a)  ni  8.<  ^  I^CB/  this  theorem  is 

contained  in  Theorem  1,  and  there  is  nothing  new  to  prove.  Suppose  thus 
/S  =  biAj  h  i  BJ,  f  +- /  V) (  &.) e  (  b)  ■/- /  J.  Following  the 

reasoning  given  in  the  proof  of  Theorem  1,  we  see  that  now  there  are 

P  ) 

at  most  non-A-correc table  Cj  s  ^  which  are  all  bursts  of 

length  b(A)t-i  .  Because  of  our  assumption,  we  have  now  = -/ 

and  thus  Step  II  1)  or  II  /i/  2)  will  apply. 

Consider  now  the  code  BA.  For  its  elements  we  may  take' those 
of  AB,  but  the  order  of  transmission  is  now  different.  Instead  of 
sending  a  matrix  row-wise,  we  send  it  column-wise,  so  that  j<,-j  will 
now  be  the  Zl +■( j-t)  term.  If  we  apply  the  decoding  rules  given 

above,  the  first  two  statements  of  Theorem  1  will  still  hold  true,  since 
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they  are  Independent  of  the  order  of  trdnsmission.  In  particular 
it  follows  from  Theorem  1^  1)  that  we  can  correct  any  error  configuration 
of  BA  which  consists  of  several  bursts,  each  of  length  at  most  ^ 

provided  any  two  consecutive  bursts  are  separated  by  at  least 
correct  terms. 


Chapter  II 


Application  to  Hobbs '  Codes 

1,  Preliminaries 

The  decoding  rules  given  above  can  be  used  with  codes  that  aire 
products  of  more  than  two  factors,  by  convenient  iteration.  Moreover, 
the  formulation  of  those  rules  can  be  simplified  if  the  factors  have 
particular  properties.  For  instance,  if  e(s)~o  the  statement  of 
Step  II  2)  becomes  much  simpler.  In  this  chapter  we  will  explicitly 
give  the  decoding  rules  for  S  -dimensional  Hobbs'  codes,  which  are 
products  of  S  factors.  We  shall  use  the  notation  of  Kautz  K^(v)  n  .,,,  X!„3 
to  denote  the  S  -dimensional  Hobbs'  code  ...  -/))  . 

Remember  that  (see  [6]) 

W  (W/  Mg))  -  ; 

e  (K,'  log))  = 

=  Vf  •••  ^  ^  +  My  .f  y. 

.5,  . 

It  is  also  well  known  that  K  vV\,,v\  .-•-,Vlr3  is  the  product 

I  I  I  *  *  '  ^  J  '  d 

K,  (n,)  k,  \) ...  K,  (vig)  ,  with  the  factors  taken  in  this  order*.  An 
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element  of  is  thus  a  sequence  of  the  form 
(  / 

^  n  •••  1/  >  -  /4  ^  •  •  '  -  ■  ■  •'^11 . 

. 


in  which  the  "is  term  has  indices  ■■■^  ‘"S  satisfying 

=  -A  ^  ^  ^  ‘'"a-.  ■  ■■  '’4  ■ 

For  some  f'  with  / ^  ^  5"  consider  now  the  set  of  those  sub-sequences^ 
for  which  are  given  values.  This  set  is  a 

subcode  of  dimension  _f  for  which  we  shall  use  the  notation 
K|'vd|,.,.,  '^g'>  it  is  obviously  isomorphic  to  k,^  . 

We  can  clearly  obtain  10^^^  ■■■  different  such  subcodes  of 
dimension  f-  . 

8 

This  structure  of  K,  suggests  that  theorems  for  this  kind  of  code 
are  best  established  by  using  induction  proofs.  That  is  why  we  consider 


now  also  -dimensional  subcodes 

^  k,  ^  Kip)  •  ). 

Up  to  isomorphisms^  then  we  can  write 

I  1  f 

''1  ^  V+;  >  "W  k,  tn, 


Orphic  to 


■  j  )  rv-/  j '  •  o  '^s 


'  k".' V; 


where  the  Lj  are  fixed  integers.  This  decomposition  will  be  used  in 
applying  the  decoding  rules  of  Chapter  I  to  obtain  a  decoding  procedure 
f  or  K,^  . 


The  Decoding  Rules  for  k’,  . 


We  will  have  S  major  steps;  step  number  applies  to  all 
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one-dimensional  subcodes  of  type  1'=^)  ^  ;>  '  ■  o  ' 

We  will  again  have  a  counting  function  al  which  associates  to  each 

h,  an  integer  ^  9.  (observe  that 

the  parameters  uniquely  determine  the  subcode 

'  P  ■  ^ 

•''I  ‘''i ..  •  •  •  j  3  " 

To  compute  ■><  g  J  in  the  steps  below  will  mean; 

set  ^  ^  ^  !  if  there  are  integers  such  that 

T'  "Va/  '  '  •  ■  ^  )  =-/  ;  otherwise  set 

A-i  j  equal  to  the  number  of  terms  X:  ...;  u.  ■  ■  ■  d.  of  the 

a  •  A  ,  '■f  s-^/  & 

originally  received  sequence  which  differ  from  the  corresponding  terms  of 

the  sequence  obtained  after  application  of  the  first  f  steps. 

{ 

To  compute  the  checking  equation  in  k",  ft  . .  t  w-  ■  oL  .  ...  will 

- - - - - -  '  I J  ■  ■>  f  ^  S^l.  j  A  ^ 

mean  to  compute^  modulo  2,  i  5  if  adds  to 

one^  wa  detect  errors. 

Step  I  Compute  the  checking  equation  in  X,(n  j  ^  ...  d  )  for  all 

^  •i  ^  ^  S  ^ 

'■■j  V  »  j  1  &  ■ 

No  errors  are  detected  in  K,  Cm,)  d.^  )  :  set  o . 

errors  are  detected  in  :  set 

It  is  easy  to  recognize  that  this  is  Step  I  of  the  previous  chapter; 
incorporating  the  assumption  Aj  —  K,'  (m,)  ^  ■ 

Having  applied  step  f  ,  wa  apply: 

Step  fy-/  .  Compute  the  checking  equation  in  each  K, 

for  all  =  /  J  ...^  ^  ^=(.••3/’  (T  =  ^  i  ■ 

ai)  No  eri>'rG  are  detected  in  any  Va  V/./  A  ^  ' 

compute  ...  J.  ■={g)  . 

fi,]  error.3  are  detected  in  k.'CA',,. ,  •  •  •  -^  ‘a?-  /'  ^A=y./  ;  “CfVA  y  •  •  •  3  °^s). 
for  ^  ^  and.  there  exists  an  integer  J  such  that; 

for  all  yt  J 

‘^S'  >  ^  y  •  •  •  A  J-  ° 

or 

'■■■>  A  "•A  )  =  -/  • 

Change  ...  j  •■■  ~^s  ~  Z  and  compute 
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in  all  other  cases;  set  m,(o(  ...  = 

We  can  recognize  here  Step  II  of  Chapter  I^  formulated  for 

f  > 

=  '^1  V/  1  B=K,  .  In  particular^  the 

product  structure  of  and  the  relation  cCp)=  ®  have  been  utilized. 


Step  S 


The  final  step  is  very  similar  to  Step  II  of  Chapter  I. 

Compute  the  checking  equation  in  K,  ^  ^  ^ 

'h-  y  I,  A,  ...  ,  S-/. 

oi )  No  errors  are  detected  in  any  KXc  ,...  i  ;  hr) 

/  :  ^rMT  £>i  1  f  '  accept. 


for  all 


and 


ij.C  for  all 


yj)  errors  are  detected  in  -^^cg. 


Oy  y 


)  for  '^=  h 


£ 


such  that  for  all  ^  j 


for 


or  ^ 
r  »  i,  , 


£. 


(J)  =  -/  r 

and  accept. 


and  there  exists  an  integer 

^Ci)  >  o 

Change  ; 

/) in  all  other  cases;  reject. 

Before  discussing  the  performance  of  these  decoding  rules ^  we  give 
an  example  in  which  the  corrections  in  all  the  different  steps  are  carried 
out  in  detail. 


3.  An  example 

•h 

Consider  it  is  a  (108_,24)  code  with  yO>r  =  l6^  e  =  T , 

W  =  Vj.  =  17-  An  element  of  this  code  is  a  sequence  ^  4  J  with 

=  1,2,3 

^■i.=  1,2,3 


4  =  1,2,3 

t  „  =  I  O  j  h 

Assume  we  receive  a  sequence  in  which  the  non-zero  terms  are 


^  ini 

(1) 

^  m3 

(3) 

(8) 

^  1132. 

(10) 

^0322. 

(102) 

(104) 

(105) 

^  3?33 

(107) 
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The  numbers  in  parentheses  give  the  position  in  the  sequence. 

Since  not  two  of  the  x's  belong  to  the  same 
(no  two  have  the  same  last  three  indices)^,  Step  I  gives  ,  j.^)  =  c> 

for  all  values  of  the  oLs  ,  but  for: 


^  (1.1.1)  =  -1 
^  (1,1,3)  =  -1 
^  (1,2,4)  =  -1 
,^(1,3,2)  =  -1 


^(3,2,2)  =  -1 
.^(3,2,4)  =  -1 
(3,3,1)  =  -1 
^(3,3,3)  =  -1 


In  Step  II,  for  detect  an  error  in  3j  I,  i  3^ 

namely  moreover,  we  find  ^(1,1,1)  =  -1  ^ ),  /)  =  O  for  !■ 

Thus,  by  II  ,  we  change  and  compute  Aj-(l^l)  =  1.  For 

we  detect  no  errors  in  any  4',' (4;  since  2-3  ^  -/, 

we  set  .  For  s  /  ^  =/_; 

and  the  situation  is  analogous,  yielding  zero  for  the 

corresponding  values  of  . 

The  cases  S-  ■=  ■>2';  "(j  =  3^  .='  J;  a/^=3^o(^-. 

and  o(  =  3  =3  are  similar  to  the  first  case  considered  C  =<,  =  =/)■ 

i.  y  'Sr 

They  all  yield  1  for  the  corresponding  value  of  ^  ,  each  requiring  the 
correction  of,  respectively, 

""1113’  ^3322’  ^3331’  ^1132’  ^3333* 


We  have  only  to  consider  now,  always  for  Step  II,  the  case  =*  =  .2,  and  o3 

I  t  ^ 

Here  we  detect  errors  in  (1;3;2,4)  as  well  as  in  K,  (3;3;2,4).  But 

we  cannot  apply  II  /3_)  since  we  have  /i|_  (1,2,4)  =  -1  as  well  as 

^  (3,2,4)  =  -1.  Thus  we  are  in  II  ^  )  and  set  /^(2,4)  »  -1. 

After  this,  we  have  a  sequence  with  only  two  non-zero  terms,  namely 

^1124  ^3324'  sequence  we  now  apply  Step  III. 

If  o(  U  we  do  not  detect  errors  in  any  k,  (o  i  ■■£■<=<  }moreover, 

7  '  /  f  z.  J  ''  y 

^  -/ if  y  .  thus  we  compute  by  determining  the  number 

of  terms  x/  /  •  which  now  differ  from  the  original  ones: 

I  ‘■s.  ‘‘3 


(1)  =  2 


7 


(2)  =  2 


r 


(3)  =  2. 
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If  esi'  =  •/  }  we  detect  errors  in  k|  ( I,  /  3  ¥)  and  X,  (^,3^  ¥). 

Also  =  -/,<.  ^(4, 4^3  foi^  2^  •  Tfius  we  .change  i  2,  h, 

’‘3,3,2,!.  «».i  'i-W  -  2.  ’  •  ’  . 

We  have  now  the  sequence  of  all  zeros  [and  /^(ot^)>-/  for  all  oc^  ]; 
thus  Step  IV  oC)  applies  and  we  accept. 

4.  First  Results 

The  following  notation  will  be  useful.  If  E  is  an  error  configuration 
(  that  is^  a  sequence  giving  the  difference  between  what  was  sent  and  what 
has  been  received)^  and  if  -i- ^  ^  we  denote  by  ^  '^S'^  that 

subconfiguration  which  belongs  to  K,  ( M, ^  ^  '^s^/ j  "  '  j  >  if 

^  =  S  ,  V!e  shall  set  E  ^ ^  )  =  £  .  By  we  shall  represent 

the  error  configuration  present  after  step  number  y  (that  is,,  that 
sequence  which  gives  the  difference  between  what  was  sent  and  what 
is  present  after  step  number  _p  );  similarly  for  '=^£■3 

If  by  we  denote  the  configuration  of  no  errors  (the  zero  sequence), 
the  decoding  will  be  successful  when  .  If,  finally,  /r  denotes 

f 

an  element  of  any  K,  ,  the  decoding  will  be  successful  or  leave 
undetected  errors  if  t  —  X§-  . 

The  following  lemmas  will  help  prove  our  theorems  belovi  and,  at  the 
same  time,  will  clarify  the  operation  of  the  decoding  rules  . 

Lemma  1  For  any  error  configuration  E  and  I— S  ,  the  following 
two  propositions  are  equivalent: 

1 .  E  ^  ^  ^  cig. )  =7 

2.  J4S  ;  step  S  requires 
acceptance,  if  ^  -  h  ■ 

Notice  that  step  S  requires  acceptance  exactly  under  those  circumstances 
under  which  any  previous  step  yields  Z-O .  Thus  we  may  omit  the 
distinction  between  S  and  =  S  .  The  lemma  is  trivially  true  for 
^  =.  /  .  Let  us  then  assume  it  for  f>  and  prove  it  for  / 
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Suppose  first  that  .  olc,\='Xp  .  If  the  step 

did  not  require  any  ohanf;eSj  then  already  ol  g  )  =  Xy 

for  all  >  thus  by  induction  assumption  ^ 

and  by  the  decoding  rules  ,  ..  If  we  had  some  changes 

in  the  step,  by  definition  ■  j 

The  proof  of  the  converse  is  not  as  simple.  We  first  assume  to 
have  obtained  (o/„  o^„9— o  applying  case  o(.)  of  step 

^  jrZ.>''V  s  J 

If  M-Cc  oi  oL)—0  for  all  ,  ,  then  by  induction  assumption 

^  Xj>  ;  and  since  no  errors  are  detected  in  any 

If  ^or  at  least  two  values  of  ,  then 

by  definition  ■■  p  >  contrary  to  the  assumption.  Thus, 

the  only  case  to  consider  is  ...  ^  Ug)= ^  )> 

if  j  ■  By  induction  assumption  y  ■  ■  ■  > 

%,  *  J  and  Xj>.  Moreover  ^  ,  , . . ,  j  5^  ^ 

for  some  ,  say  ~  ^/ •■■.>  "^r-  ’  otherwise  we  could  not  be  in 

case  at)  of  step  fj-,  .  Let  ^  ^>1 

denote  by  x'  •  the  sequence  obtained  from  Xp  •  by  changing  the 

J>  •  ’ 

subscript  from  to  J  :  is  thus  an  element  of  the  code 

K|  Ch, , . .  .^  Hj,  3  j  j  <^s^-2-  >  ■  ■  ■  j  °^s^' 


^  r  )  -  £’^  ('J, 


e'«.. 


The  union  of  these  E  is  an  error  configuration  E'^  ^ c^g  ) 

which  differs  from  E^Co<’,._  ...  o,/. )  only  by  the  addition  of  the  x'  .  Xp- 

Z.  J  ^  a  c  ^ 

which  are  elements  ot  Kj'”'' C  n,  ’  ’ ' ' ^  error 

configurations  are  thus  not  distinguishable,  and  case  <=<j  of  step 

still  applies  with  , . . .  ,  o{g)^o.  But  notice  that  in  each 

K'(t  ,  if  ■  y),  1  o<  ,...,  e-t  )  we  have  exactly  one  term  in  common 

»  IP'  7  J  /  S‘t‘f  '  X'  '  S 

with  •  j;  ^...J  Ug)  .  Since  this  subcode  and  only  this 
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subcode  among  the  K/ Cm,  ^ ^  >5^.;  contains  errors,  we 

reach  a  contradiction.  Hence  ^  •  •  ■ } ~  ~ possible. 

Assume  now  to  obtain  ^  ^  ^  ^  o  by  applying  case  /9) 

of  step  I  .  The  two  alternatives  of  this  case  can  be  now  formulated; 
there  is  a  j  such  that  > '  ■ '  ^  ^  ~  ~ 

for  ^  j  and  {  j ,  . . .  ,  E^-  ( o  ^  with 

the  two  possibilities  E-*’Cj^  °^ui.  >  ■  ■  ■  r ‘^s  ^  ~  or  Xj>  .  In  either 

alternative  we  can  proceed  as  above  in  case  «;)  to  show  that  necessarily 
the  union  of  all  the  ^  ’  that  is, 

form  an  element  . 

We  shall  say  that  ‘=^s  ^  gives  a  true  value  if  either 

We  have  then: 

Lemma  2  If,  ®  value  for  all 

=/,  ,  then  so  does  also  ■■■, 

If  ci;  )--/  there  is  nothing  to  prove.  So  assume 

-J  ^4)2^-''-  We  have  two  cases.  Either  all  a^(  ^ 

or  exactly  one  is  equal  to  — /  .  In  the  first  case,  by  assumption, 

C  ^ .  J  and  thus  also  . .  .^  Ug)=:  f>  and  a 

fortiori  L  .. . ,  ^^)  =  <p  •  In  the  second  case,  case  fi)  of 

step  f-h!  applies  to  correct  all  errors  present  in  £  ,  '=‘-s^- 

Corollary  If,  for  some  j> ,  l—f  ^  S  ,  all  ’  ■■■' give  true 

values,  and  if  step  5  requires  acceptance,  then 

In  fact,  again,  step  5  requires  acceptance  in  the  circumstances 
under  which  previous  steps  would  yield  ^2  o  . 

Lemma  3  If  E  )  contains  errors ,  ^  ^ 

gives  a  true  value.  Moreover,  if  ,  then  j  )2  o. 

It  o-/  ,  the  leroma  is  obvious.  So  assume  it  true  for  f  ,  and 

prove  it  for  f '*' !  •  Let  then  >"v  '  contain  at  most  errors, 

but  assume  that  g)  does  not  give  a  true  value.  This 

implies  ,  •  ■  •  , '=X^;  )-2-  <=>  and  . . .  j  oi.  ^  7b  .  gy 
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Lemma  2,  there  is  j  such  that  ^  •  v  give  a  true 

value,  that  is  3  ^  o  and  E^Ci,  ^s-+7.,‘-->  ^■ 

Then,  by  induction  assumption,  ^  ^  ^  ‘ s  ^  strictly 

more  than  s.  errors  and  consequently  each  ^  5"v  ^®®® 

than  errors,  for  •  Thus  either  E^( >  ■  ■  ■  j  ~  ^ 

or  /f(  c-f^,  ,  ^  ,  U  ^^  =  -1-  If  E^  )=  'p  for 

all  J  ,  then  step  yv- /  corrects  all  the  errors  of  ^  ^  ■  j  °^s 

giving  ^  o<^  )=  _/  :  both 

alternatives  are  contrary  to  the  assumptions;  If  j  d j  •  ■  ■  j 

then  only  for  one  value,  say  ^  ,  oi  ,  since  ^  ^ r-t-z.  ^  ^  <=-^^  )  -  o  • 

By  induction  assumption,  then,  £  (  ,  , ,,,  has  exactly 

errors;  £  ^  contains  then  these  errors  as  well  as  the 

more  than  errors  of  dg)  :  a  contradiction  again. 

^We  have  now  only  to  prove  the  second  statement  of  the  lemma. 

Assume  ,  , . . ,  dg)  ^  -  /  .  If  this  is  so  because  ,  d.  :>'■■■> 

for  at  least  two  values  of  ,  we  can  apply  our  induction  assumption 

and  immediately  conclude  that  E(ca^^,,  .,,,  )  has  at  least  errors. 

Thus  j%c  2. ’••'-> ®  cannot  apply  step 

f  +  l,C>)..  This  implies  that  >'•’■>  dg)  o  for  at 

least  two  values  of  :  by  Lemma  1,  these  subconfigurations  are 

elements  Xf  ,  thus  contain  each  at  least  errors.  E  J 

has  thus  at  least  <2  errors. 

Corollary  If  EC.o<p^^  ^  ^  di^g)  contains  less  than  A  errors,  then 

-•■j  dg)  =  ■ 

9.  The  Performance 

We  can  now  prove  our  main  result  for  Hobbs'  codes. 

Theorem  ^  The  decoding  rules  for  3'',  E)g)  accept  only 

elements  of  J05  )  and  correct  every  error  configuration  E 

for  which  there  exists  an  integer  f" ^  I-  f  —  &  such  that  one  of  the 
following  conditions  is  satisfied: 

1)  Each  j,  g  )  contains  at  most  e(K/J  = 

I  errors 
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2)  S'  and  no  £C=J ^  )  contains  more  than 

errors;  and  whenever  5  C<><.  ai.p.  ...  oi  )  contains 

A.  errors,  then  every  '^s  ^  with 

Jo  ^  oi.  contains  less  than  a.^-'  errors  . 
fv-/  ^  JV-/ 

3)  f>Aj  and  each  eCo<j-^/ ,  )  is  a  burst  or  a  cyclic 

burst  of  length  at  most'  b(K,0  -  ...  ...  hj.  ^-hf  +J . 

Moreover,  in  case  1)  and  3)  all  the  errors  will  be  corrected  after  step  f  ; 
while  in  case  2),  they  will  be  corrected  after  step  f-h!  . 

An  immediate  consequence  is; 


Corollary  The  decoding  rules  for  K,  correct  up  to  the  theoretical 
limits  )  and  t>(  K,*)  = 

The  first  statement  of  the  theorem  is  contained  in  Lemma  1.  To  prove 
1),  we  apply  the  Corollary  to  Lemma  3  to  obtain  ^  ~ 

for  all  3-..,  o<s  ;  and  thus  £^=^56  and  £^=  <96. 

Consider  now  2).  By  Lemma  3  and  its  corollary,  Jf+i,  =(’^•,12 , 

if  .  Thus  step  jy-/  will  correct  all  the  errors  (if  any)  of 

)  giving  i>  tor  a.\\  , 

Let  us  now  prove  3)^  under  the  assumption  3  .  If  each  EC<a^  ^  ^  Ag] 

is  a  burst  or  a  cyclic  burst  of  length  at  most  ,  every  >  >  >  ■., ^ 

contains  at  most  =2 =  "2  errors;  and  at  most  one  of  them,  say 

E  ( 0,  oig)  will  have  exactly  2  errors.  We  can  thus  apply  the  second 

part  of  the  theorem.  To  prove  3)  in  general,  we  use  once  more  induction 

on  f>  .  Setting  -  K,*"  K^'  ,  by  Theorem  4  we  can  correct  in 

j^r+i  ^  ^  j  (cyclic  or  not)  of  length  at  most 

where,  by  induction  assumption,  t>(  K,^)  =  . . .  Y)^  -h  .  . .  y>j.  P  ■  ■  ■  +  >0^  +■/■ 

,  ,S 

In  Theorem  which  is  now  completely  proven,  V7e  decompose  In, 
into  disjoint  subcodes,  all  of  the  same  dimension  p  .  This  decomposition 
induces  the  decomposition  of  E  into  the  ^  °(.g)  of  the 

theorem.  Clearly,  we  can  decompose  also  in  disjoint  subcodes  of 


dimensions  5-. -  •  If  the  corresponding  subconfigurations 

are  denoted  ^  ...  let  us  assume  that  the  decoding  rules, 

when  applied  to  ,  yield  ,  for  each  7)  .  The  disjointness 

y 

of  the  subcodes  insures  us  then  that,  when  applying  the  decoding  rules  to  K,  ^ 
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we  will  also  obtain  «=  '^  for  all  -v  ;  and  hence  also  E.  =  . 

We  have  thus  established  the  following  result^  of  which  Theorem  5 
can  be  considered  as  a  particular^  more  explicit  case. 

Theorem  6  Let  £  be  an  error  configuration  in  for  which 

s  * 

there  exists  a  decomposition  of  K,  in  pair-wise  disjoint  subcodes 
K|  j  ,,,  with  the  following  property:  for  each  -}>  ,  the  decoding 

rules  for  correct  the  errors  of  E  belonging  to  it.  Then  the 

decoding  rules  for  correct  £. 

For  an  example  let  S  =  5"  and  consider  K,  Cvij, 
with  (arbitrary  Vl  >•)  )  and  m,  =  5"  n  =  V- ,  =  3  .  For  error 

configuration  £  we  assume: 

at  most  3  =  errors  with  5th  index  equal  to  /  ,  that  is  in 

at  most  h/.-  ^  '  errors  with  4th  index  equal  to  /  and  5th  index  equal 
to  <2,  ,  that  is  in  -  EC^s,) 

a  burst  of  length  at  most  in  =  E  (z, 

at  most  S.-  '  error  in  each  -  E  to<^  ,  3,  3.) 

at  most  E  -  3.  errors  in  -  E(.'^,z.) 

a  burst  of  length  at  most  sZE  =  /?,/?  -A  -f- /  in  E  =  E{z'). 

s 

in  this  description  we  have  already  decomposed  E  and  Kj  as  required 
by  the  theorem.  The  subcodes  are  as  follows: 

?,  V-  ^ 

K,  =-  k’,  C  )•», ,  ,  «3  ,  )V.  i  I  ) 

K,  ^  =  X,  (n,^ 

K,  ’  X,  («,,  lOj  i  z.) 

K,  ^  ^  ^  j 

?  3 

X,  =  |<j  Cm,j  j  sj  , 
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If  we  apply  the  decoding  rules  to  will  correct  j  j  .  •  ■  j  ^ 

after  the  second  step  ^  ^  f>  )  :  in  symbols  E  =  S*. 

Similarly  =  £/  =  £*=  yS  and  £/= 

6,  Additional  Remarks 

For  short,  let  us  call  decoding  I  the  one  described  in  Chapter  I, 
and  decoding  II  the  one  described  in  Chapter  II.  Then  we  can  say  that 
decoding  II  is  essentially  obtained  by  iterating  decoding  I  thanks  to 
the  relation 

Since  the  two  decodings  agree  if  S’ =  ^  ,  we  can  also  express  their 
relation  as  follows.  Decoding  II  for  K,  Ch,,  n„,  •••;  obtained  by 

applying  decoding  II  to  K^”' (.Vi,  , ^  ^  )  (and  to  K'CUjj!  )  and 

then  decoding  I  to  (n, , . . . ,  >'>5.,  )  t<,'  . 

Suppose  now  that  we  apply  decoding  II  to  Cm,  , . ,  .  ,  W . and 

S-  ^ 

to  t<|  ^  ,  ...,  hjJ  .»  and  then  decoding  I  to  their  product 

Hj  )  ,  )0f)  >  for  sorae  ^-/  .  Then  Theorem  1 

and  Theorem  5  insure  us  of  correcting  only  up  to  6  errors,  where 

p  /  ST—.#*  /  P—  /  3L  f 

£  =  ^  ^  -/  =  ^  -/  ^  ^ 

and  similarly  for  the  burst  length  ^ 

The  remark  at  the  end  of  Chapter  I  however  suggests  to  apply 
decoding  II  to  K,^ ( vi,,  . . .  ,  hj.  j  and  to  K,  ^  ^  )  and  then  decoding  I 

to  the  inverted  product  '■■i  ^  y  )  ■ 

This  is  equivalent  to  applying  the  decoding  discussed  above,  but  to 

send  the  sequences  of  ,  not  in  the  order  described  in  section  1, 

but  in  increasing  order  of  K  ^  where 

*<=  Of  ^  ^  ^  ^5-/  ^  ...  E 
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Under  these  assumptions  we  can  correct  any  series  of  bursts  provided  that 
each  one  has  a  length  not  exceeding  IoCk/)  and  that  any  two  are  separated 
by  at  least  n,  ...  M  -  bj.  correct  terms.  At  the  same  time,  an  additional 
number  of  errors  not  exceeding  o2.  will  also  be  corrected. 
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